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Abstrat
We have onsidered three neutrino transitions and osillations in the
general ase and obtained expressions for neutrino wave funtions in three
ases: with CP violation, without CP violations and the ase when νe ↔
ντ transitions are absent (some works indiate on this possibility). Then
using the existing experimental data some analysis has been fulfilled. This
analysis definitely has shown that transitions νe ↔ ντ annot be losed for
the Solar neutrinos. However, this possibility may be realized by using the
mehanism of resonane enhanement neutrino osillations in matter (the
Sun). But this possibility is not onfirmed by the Solar neutrinos spetrum
(the Solar neutrinos spetrum is not distorted) and the Day-Night effet
(this effet is not observed). It was found out that the probability of νe ↔
νe neutrino transitions is positive defined value only if the angle of νe, ντ
mixing β ≤ 15o ÷ 17o.
PACS numbers: 14.60.Pq; 14.60.Lm
1 Introdution
The suggestion that, in analogy with Ko, K¯o osillations, there ould be
neutrino-antineutrino osillations ( ν → ν¯) was onsidered by Ponteorvo
[1℄ in 1957. It was subsequently onsidered by Maki et al. [2℄ and Pon-
teorvo [3℄ that there ould be mixings (and osillations) of neutrinos of
different flavors (i.e., νe → νµ transitions).
In the general ase there an be two shemes (types) of neutrino mix-
1
ings (osillations): mass mixing shemes and harge mixings sheme (as it
takes plae in the vetor dominane model or vetor boson mixings in the
standard model of eletroweak interations) [4℄.
In the Standard theory of neutrino osillations [5℄ it is supposed that
physially observed neutrino states νe, νµ, ντ have no definite masses and
that they are diretly reated as mixture of the ν1, ν2, ν3 neutrino states.
However the omputation has shown that these neutrinos have definite
masses [4℄. Then neutrino mixings are determined by the neutrino mass
matrix and neutrino mixing parameters are expressed through elements of
the neutrino mass matrix.
In the sheme of harge mixings the osillation parameters are ex-
pressed through weak interation ouple onstants (harges)and neutrino
masses [4℄.
In the both ases the neutrino mixing matrix V an be given [4℄ in the
following onvenient form proposed by Maiani [6℄:
V=


1 0 0
0 cγ sγ
0 −sγ cγ




cβ 0 sβ exp(−iδ)
0 1 0
−sβ exp(iδ) 0 cβ




cθ sθ 0
−sθ cθ 0
0 0 1

, (1)
ceµ = cos θ, seµ = sin θ, c
2
eµ + s
2
eµ = 1;
ceτ = cosβ, seτ = sin β, c
2
eτ + s
2
eτ = 1; (2)
cµτ = cos γ, sµτ = sin γ, c
2
µτ + s
2
µτ = 1;
exp(iδ) = cos δ + i sin δ.
Now we will ome to omputation of neutrino wave funtions Ψνe,Ψνµ,Ψντ
and a probability of transitions (osillations) of these neutrinos.
2 General Expressions for Neutrino Wave Funtions
and Probabilities in Dependene on Time at Three
Neutrino Transitions (Osillations) in Vauum
Using the above matrix V , we an onnet the wave funtions of physi-
al neutrino states Ψνe,Ψνµ,Ψντ with the wave funtions of intermediate
2
neutrino states Ψν1,Ψν2,Ψν3 and write down it in a omponent-wise form
[5℄:
Ψνl =
3∑
k=1
V ∗νlνkΨνk ,
Ψνk =
3∑
k=l
VνkνlΨνl, l = e, µ, τ, k = 1÷ 3, (3)
where Ψνk is a wave funtion of neutrino with momentum p and mass
mk. We suppose that neutrino mixings (osillations) are virtual if neutri-
nos have different masses (if we suppose that these transitions are real,
as it is supposed in the standard theory of neutrino osillations, then it
is neessary to aept that expression (3) is based on a supposition that
masses differene of νk neutrinos is so small that oherent neutrino states
are formed in the weak interations (omputation has shown that this on-
dition is not fulfilled, i.e. neutrino as wave paket is unstable and deays)).
Ψνk(t) = e
−iEktΨνk(0). (4)
Then
Ψνl(t) =
3∑
k=1
e−iEktV ∗νlνkΨνk(0). (5)
Using unitarity of matrix V or expression (3) we an rewrite expression
(5) in the following form:
Ψνl(t) =
∑
l′=e,µ,τ
3∑
k=1
Vνl′νke
−iEktV ∗νlνkΨνl′(0), (6)
and introduing symbol bνlνl′(t)
bνlνl′(t) =
3∑
k=1
Vνl′νke
−iEktV ∗νlνk , (7)
we obtain
Ψνl(t) =
∑
l′=e,µ,τ
bνlνl′(t)Ψνl′(0), (8)
where bνlνl′(t)-is the amplitude of transition probability Ψνl → Ψνl′ .
And the orresponding transition probability Ψνl → Ψνl′ is:
3
Pνlνl′(t) =|
3∑
k=1
Vν′lνke
−iEktV ∗νlνk |
2 . (9)
It is obvious that
∑
l′=e,µ,τ
Pνl′νl(t) = 1. (10)
2.1 Expressions for Neutrino Wave Funtions and Probability
of νe, νµ, ντ → νe, νµ, ντ Transitions (Osillations) with CP
Violation in Vauum
The wave funtions of νe, νµ, ντ → νe, νµ, ντ transitions with CP violation
have the following form:
1. for the ase of νe → νe, νµ, ντ transitions:
Ψνe→νe,νµ,ντ (t) = [cos
2(β)cos2(θ)exp(−iE1t) + cos
2(β)sin2(θ)
exp(−iE2t) + sin
2(β)exp(−iE3t)]Ψνe(0)+
+[cos(β)cos(θ)exp(−iE1t)(−cos(γ)sin(θ)−
−sin(β)exp(−iδ)sin(γ)cos(θ))+
+cos(β)sin(θ)exp(−iE2t)(cos(γ)cos(θ)−
−sin(β)exp(−iδ)sin(γ)sin(θ))+
+sin(β)exp(−iδ)exp(−iE3t)sin(γ)cos(β)]Ψνµ(0)+
+[cos(β)cos(θ)exp(−iE1t)(sin(γ)sin(θ)−
−sin(β)exp(−iδ)cos(γ)cos(θ))+
+cos(β)sin(θ)exp(−iE2t)(−sin(γ)cos(θ)−
−sin(β)exp(−iδ)cos(γ)sin(θ))+ (11)
+sin(β)exp(−iδ)exp(−iE3t)cos(γ)cos(β)]Ψντ(0).
2. for the ase of νµ → νe, νµ, ντ transitions:
Ψνµ→νe,νµ,ντ (t) = [(−sin(γ)sin(β)exp(iδ)cos(θ)−
−cos(γ)sin(θ))exp(−iE1t)cos(β)cos(θ)+
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+(−sin(γ)sin(β)exp(iδ)sin(θ)+
+cos(γ)cos(θ))exp(−iE2t)cos(β)sin(θ)+
+sin(γ)cos(β)exp(−iE3t)sin(β)exp(iδ)]Ψνe(0)+
+[(−sin(γ)sin(β)exp(iδ)cos(θ)−
−cos(γ)sin(θ))exp(−iE1t)(−cos(γ)sin(θ)−
−sin(β)exp(−iδ)sin(γ)cos(θ))+
+(−sin(γ)sin(β)exp(iδ)sin(θ)+
+cos(γ)cos(θ))exp(−iE2t)(cos(γ)cos(θ)−
−sin(β)exp(−iδ)sin(γ)sin(θ))+
+sin2(γ)cos2(β)exp(−iE3t)]Ψνµ(0)+
+[(−sin(γ)sin(β)exp(iδ)cos(θ)−
−cos(γ)sin(θ))exp(−iE1t)(sin(γ)sin(θ)−
−sin(β)exp(−iδ)cos(γ)cos(θ))+
+(−sin(γ)sin(β)exp(iδ)sin(θ)+
+cos(γ)cos(θ))exp(−iE2t)(−sin(γ)cos(θ)− (12)
−sin(β)exp(−iδ)cos(γ)sin(θ))+
+sin(γ)cos2(β)exp(−iE3t)cos(γ)]Ψντ(0).
3. for the ase of ντ → νe, νµ, ντ transitions:
Ψντ→νe,νµ,ντ (t) = [(−cos(γ)sin(β)exp(iδ)cos(θ) + sin(γ)sin(θ))
exp(−iE1t)cos(β)cos(θ) + (−cos(γ)sin(β)exp(iδ)sin(θ)−
−sin(γ)cos(θ))exp(−iE2t)cos(β)sin(θ)+
+cos(γ)cos(β)exp(−iE3t)sin(β)exp(iδ)]Ψνe(0)+
+[(−cos(γ)sin(β)exp(iδ)cos(θ)+
+sin(γ)sin(θ))exp(−iE1t)(−cos(γ)sin(θ)−
−sin(β)exp(−iδ)sin(γ)cos(θ))+
+(−cos(γ)sin(β)exp(iδ)sin(θ)−
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−sin(γ)cos(θ))exp(−iE2t)(cos(γ)cos(θ)−
−sin(β)exp(−iδ)sin(γ)sin(θ))+
+sin(γ)cos2(β)exp(−iE3t)cos(γ)]Ψνµ(0)+
+[(−cos(γ)sin(β)exp(iδ)cos(θ)+
+sin(γ)sin(θ))exp(−iE1t)(sin(γ)sin(θ)−
−sin(β)exp(−iδ)cos(γ)cos(θ))+
+(−cos(γ)sin(β)exp(iδ)sin(θ)−
−sin(γ)cos(θ))exp(−iE2t)(−sin(γ)cos(θ)− (13)
−sin(β)exp(−iδ)cos(γ)sin(θ))+
+cos2(γ)cos2(β)exp(−iE3t)]Ψντ (0).
Now onsider the ase when the CP violation is absent.
2.2 Expressions for Neutrino Wave Funtions and Probability
of νe, νµ, ντ → νe, νµ, ντ Transitions (Osillations) without CP
Violation in Vauum
If we do not take CP violation into aount, then the expression for the
amplitude of neutrino transitions has the following forms:
1. If primary neutrinos are νe neutrinos, then for this neutrino wave
funtion for νe → νe, νe → νµ, and νe → ντ transitions we get
Ψνe→νe,νµ,ντ (t) = [cos
2(β)cos2(θ)exp(−iE1t)+
+cos2(β)sin2(θ)exp(−iE2t)+
+sin2(β)exp(−iE3t)]Ψνe(0)+ (14)
+[cos(β)cos(θ)exp(−iE1t)(−sin(γ)sin(β)cos(θ)−
−cos(γ)sin(θ)) + cos(β)sin(θ)exp(−iE2t)(−sin(γ)sin(β)sin(θ)+
+cos(γ)cos(θ)) + sin(β)exp(−iE3t)sin(γ)cos(β)]Ψνµ(0)
+[cos(β)cos(θ)exp(−iE1t)(−cos(γ)sin(β)cos(θ) + sin(γ)sin(θ))+
+cos(β)sin(θ)exp(−iE2t)(−cos(γ)sin(β)sin(θ)− sin(γ)cos(θ))+
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+sin(β)exp(−iE3t)cos(γ)cos(β)]Ψντ(0).
2. For the ase of νµ → νe, νµ, ντ transitions we get
Ψνµ→νe,νµ,ντ (t) = [cos(β)cos(θ)exp(−iE1t)
(−sin(γ)sin(β)cos(θ)− cos(γ)sin(θ))+
+cos(β)sin(θ)exp(−iE2t)(−sin(γ)sin(β)sin(θ) + cos(γ)cos(θ))+
+sin(β)exp(−iE3t)sin(γ)cos(β)]Ψνe(0)+
+[(−sin(γ)sin(β)cos(θ)− cos(γ)sin2(θ))exp(−iE1t)+
+(−sin(γ)sin(β)sin(θ) + cos(γ)cos2(θ))exp(−iE2t)+
+sin2(γ)cos2(β)exp(−iE3t)]Ψνµ(0)+
[(−sin(γ)sin(β)cos(θ)− cos(γ)sin(θ))exp(−iE1t)
(−cos(γ)sin(β)cos(θ) + sin(γ)sin(θ))+
+(−sin(γ)sin(β)sin(θ) + cos(γ)cos(θ))exp(−iE2t) (15)
(−cos(γ)sin(β)sin(θ)− sin(γ)cos(θ)) + sin(γ)cos2(β)
exp(−iE3t)cos(γ)]Ψντ(0).
3. For the ase of ντ → νe, νµ, ντ transitions we get
Ψντ→νe,νµ,ντ (t) = [cos(β)cos(θ)exp(−iE1t)
(−cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)) + cos(β)sin(θ)exp(−iE2t)
(−cos(γ)sin(β)sin(θ)− sin(γ)cos(θ))+
+sin(β)exp(−iE3t)cos(γ)cos(β)]Ψνe(0)+
+[(−sin(γ)sin(β)cos(θ)− cos(γ)sin(θ))exp(−iE1t)
(−cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)) + (−sin(γ)sin(β)sin(θ)+
+cos(γ)cos(θ))exp(−iE2t)(−cos(γ)sin(β)sin(θ)− sin(γ)cos(θ))+
+sin(γ)cos2(β)exp(−iE3t)cos(γ)]Ψνµ(0)+ (16)
+[(−cos(γ)sin(β)cos(θ) + sin(γ)sin(θ))2exp(−iE1t)+
+(−cos(γ)sin(β)sin(θ)− sin(γ)cos(θ))2exp(−iE2t)+
+cos2(γ)cos2(β)exp(−iE3t)]Ψντ (0).
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Probability of νe → νe neutrino transitions obtained from exp. (14) is
given by the following expression:
Pνe→νe(t) = 1− cos
4(β)sin2(2θ)sin2(−t(E1 − E2)/2)−
cos2(θ)sin2(2β)sin2(−t(E1 − E3)/2)− (17)
−sin2(θ)sin2(2β)sin2(−t(E2 − E3)/2).
Probability of νe → νµ neutrino transitions obtained from exp. (14) is
given by the following expression:
Pνe→νµ(t) = 4cos
2(β)cos(θ)sin(θ)[−sin(γ)sin(β)sin(θ) + cos(γ)cos(θ)]
[sin(γ)sin(β)cos(θ) + cos(γ)sin(θ)]sin2(−t(E1 − E2)/2)− (18)
+4cos2(β)sin(β)cos(θ)sin(γ)[sin(γ)sin(β)cos(θ) + cos(γ)sin(θ)]
·sin2(−t(E1−E3)/2)−4cos
2(β)sin(β)sin(θ)sin(γ)[−sin(γ)sin(β)sin(θ)+
+cos(γ)cos(θ)]sin2(−t(E2 − E3)/2).
Probability of νe → ντ neutrino transitions obtained from exp. (14) is
given by the following expression:
Pνe→ντ (t) = 4cos
2(β)cos(θ)sin(θ)[−cos(γ)sin(β)cos(θ)+ (19)
+sin(γ)sin(θ)][cos(γ)sin(β)sin(θ)+sin(γ)cos(θ)]sin2(−t(E1−E2)/2)−
−4cos2(β)cos(θ)sin(β)cos(γ)[−cos(γ)sin(β)cos(θ) + sin(γ)sin(θ)]
·sin2(−t(E1−E3)/2)+4cos
2(β)sin(θ)sin(β)cos(γ)[cos(γ)sin(β)sin(θ)+
+sin(γ)cos(θ)]sin2(−t(E2 − E3)/2).
Now we onsider of neutrino wave funtions and a probability of neutrino
transitions at the absene of νe → ντ transitions.
2.3 Expressions for Neutrino Wave Funtions and Probability
of νe, νµ, ντ → νe, νµ, ντ Transitions (Osillations) in Vauum
at the Absene of νe → ντ Transitions
If primary neutrinos are νe neutrinos and there are no transitions between
νe and ντ neutrinos, i.e., these transitions are losed, then there only νe →
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νe, νe → νµ, and νµ → ντ after νe → νµ transitions an exist. Then the
amplitude of these transitions has the following form:
Ψνe→νe,νµ,ντ (t) = [cos
2(θ)exp(−iE1t) + sin
2(θ)exp(−iE2t)]Ψνe(0)+ (20)
+[−cos(θ)sin(θ)cos(γ)exp(−iE1t)+cos(θ)sin(θ)cos(γ)exp(−iE1t)]Ψνµ(0)+
cos(θ)sin(θ)sin(γ)[exp(−iE1)− exp(−iE2)]Ψντ (0).
And probabilities of these neutrino transitions (osillations) are desribed
by the following expressions (in reality after transitions νe → νµ there
must be transitions between νµ → ντ ):
for νe → νe:
P (νe → νe, t) = 1− sin
2(2θ)[cos2(2γ) + sin2(2γ)]sin2(L/L12). (21)
for νe → νµ:
P (νe → νµ, t) = 1− sin
2(2θ)cos2(2γ)sin2(L/L12). (22)
for νe → ντ :
P (νe → ντ , t) = 1− sin
2(2θ)sin2(2γ)sin2(L/L12), (23)
where
Lik(m) = 1.27
Eνe(MeV )
|m2i −m
2
k|(eV
2)
L = ct, (24)
Eνe- is energy of primary neutrino and Ek =
√
m2k + p
2
νe
≃ pνe +
m2k
pνe
,
i, k = 1÷ 3.
If primary neutrinos are νµ neutrinos and there are no transitions be-
tween νe and ντ neutrinos, then
Ψνµ→νe,νµ,ντ (t) = [−cos(θ)exp(−itE1)cos(γ)sin(θ)+
+sin(θ)exp(−itE2)cos(γ)cos(θ)]Ψνe(0) + [cos
2(γ)sin2(θ)exp(−itE1)+
+cos2(γ)cos2(θ)exp(−itE2) + sin
2(γ)exp(−itE3)]Ψνµ(0)+ (25)
[−cos(γ)sin2(θ)exp(−itE1)sin(γ)− cos(γ)cos
2(θ)exp(−itE2)sin(γ)+
sin(γ)exp(−itE3)cos(γ)]Ψντ(0).
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If primary neutrinos are ντ neutrinos, there are no transitions between
νe and ντ neutrinos
Ψντ→νe,νµ,ντ (t) = [cos(θ)exp(−itE1)sin(γ)sin(θ)−
−sin(θ)exp(−itE2)sin(γ)cos(θ)]Ψνe(0)+
+[−cos(γ)sin2(θ)exp(−itE1)sin(γ)− (26)
−cos(γ)cos2(θ)exp(−itE2)sin(γ) + sin(γ)exp(−itE3)cos(γ)]Ψνµ(0)+
[sin2(γ)sin2(θ)exp(−itE1)+
sin2(γ)cos2(θ)exp(−itE2) + cos
2(γ)exp(−itE3)]Ψντ (0).
3 Some Analysis of Neutrino Osillation Possibilities
The value of the Solar neutrinos flow measured (through elasti sattering)
on SNO [7℄ is in a good agreement with the same value measured in Super-
Kamiokande [8℄.
Ratio of νe flow measured on SNO (CC) to the same flow omputed
in the frame work of SSM [9℄ (Eν > 6.0MeV ) is:
φCCSNO
φSSM2000
= 0.35± 0.02. (27)
This value is in a good agreement with the same value of νe relative
neutrinos flow measured on Homestake (CC) [10℄ for energy threshold
Eν = 0, 814MeV .
Φexp
ΦSSM2000
= 0.34± 0.03. (28)
From these data we an ome to a onlusion that the angle mixing for the
Sun νe neutrinos does not depend on neutrino energy thresholds (0.8 ÷ 15
MeV). Now it is neessary to know the value of this angle mixing θνeνµ.
Estimation of the value of this angle an be extrated from KamLAND
[11℄ data and it is:
sin2θνeνµ
∼= 1.0, θ ∼=
pi
4
, ∆m212 = 6.9 · 10
−5eV, (29)
or
sin2θνeνµ
∼= 0.83, θ = 32o, ∆m212 = 8.3 · 10
−5eV.
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The angle mixing for vauum νµ → ντ transitions obtained on Super-
Kamiokande [12℄ for atmospheri neutrinos is:
sin22γνµντ
∼= 1, γ ∼=
pi
4
∆m223 = 2.1÷ 2.5 · 10
−3. (30)
Now we an estimate the third angle mixing for νe → ντ transitions by
using exp. (17). For this aim we average the time dependene of exp. (17)
taking into aount that the Earth is moving over the ellipti orbit and
then (
¯sin
2
(−t(Ei − Ej)/2) = 1/2, i, j = 1, 2, 3)
P¯νe→νe = 1−
1
2
[cos4(β)sin2(2θ) + cos2(θ)sin2(2β) + sin2(θ)sin2(2β)] =
= 1−
1
2
[cos4(β)sin2(2θ) + sin2(2β)]. (31)
By substituting the value of sin2(2θ) in (31) from exp. (29) and the
value of P¯νe→νe from exps. (27), (28) we get
1.30 ≃ [cos4(β) + sin2(2β)]. (32)
From the above expression we an ome to onlusion that
β ≤ pi/4, (33)
i.e., this angle is lose to the maximal angle pi/4.
If we suppose that νe → ντ transitions are losed, then we an use exp.
(21) to estimate angle β. For this aim we average the time dependene of
exp. (21) taking into aount that the Earth is moving over the ellipti
orbit, then
P¯ (νe → νe, t) = 1−
1
2
sin2(2θ). (34)
By substituting the value of sin2(2θ) from exp. (29) in (34) we get
P¯ (νe → νe, t) ≃
1
2
, (35)
we ome to a ontradition with exp (27), (28), i.e. with experiments, but
this ontradition an be removed by using the mehanism of resonane
enhanement of neutrino osillations in matter [8℄. But this possibility is
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not onfirmed by the Solar neutrinos spetrum (the Solar neutrinos spe-
trum is not distorted) and Day-Night effet (this effet is not observed).
Unlikely it is possible to obtain a flat neutrinos energy spetrum without
distortion in broad energy region E = 1 ÷ 15MeV by using this meha-
nism.
It is also deteted that using exp. (17) we an obtain limitation on
value of angle β. For this purpose we have fulfilled graphial modelling
of this funtion by using the following values for [11℄ θ = 32.45o,∆m212,
and [12℄ ∆m223 from exprs. (29), (30) for different values of β = 10
o÷ 45o
and ∆m213 = 10
−5eV 2, 5.7 · 10−5eV 2, 8.3 · 10−4eV 2 at the average
eletron neutrino energy E¯νe = 7MeV and established that the value for
P (νe → νe, t) beome a positive defined value at β = 15
o ÷ 17o (P (νe →
νe, t) ≃ 0 at some values of t). If β ≥ 15
o÷17o, then P (νe → νe, t) beomes
negative at some values of t. Sine the value for the probability of νe ↔ νe
transitions P (νe → νe, t) must be positive defined one then, if in reality
neutrino osillations take plae, the value for β must be β ≤ 15o ÷ 17o.
4 Conlusion
We have onsidered three neutrino transitions and osillations in the gen-
eral ase and obtained expressions for neutrino wave funtions in three as-
es: with CP violation, without CP violations and the ase when νe ↔ ντ
transitions are absent (some works indiate on this possibility). Then us-
ing the existing experimental data some analysis has been fulfilled. This
analysis definitely has shown that transitions νe ↔ ντ annot be losed for
the Solar neutrinos. However, this possibility may be realized by using the
mehanism of resonane enhanement neutrino osillations in matter (the
Sun). But this possibility is not onfirmed by the Solar neutrinos spe-
trum (the Solar neutrinos spetrum is not distorted) and the Day-Night
effet (this effet is not observed). It was found out that the probability
of νe ↔ νe neutrino transitions is positive defined value only if the angle
of νe, ντ mixing β ≤ 15
o ÷ 17o.
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